We investigate dynamical properties and the ground-state cooling of a mechanical oscillator in an optomechanical system coupling with an atomic ensemble. In this hybrid optomechanical system, an atomic ensemble which consists of two-level atoms couples with the cavity field. Here we consider the case where the atomic ensemble is in higher excitation. Studies show that the atom-field coupling strength can obviously influence the cooling process, and we can achieve the ground-state cooling of the mechanical oscillator by choosing the appropriate physical parameters of the system. Our cooling mechanism has potential applications in quantum information processing and procession measurement.
. Cooling of the mechanical oscillator to its quantum ground-state is the pivotal step for potential applications such as the exploration of quantum-classical boundary 6-9 quantum information processing [10] [11] [12] [13] and precision control and measurement [14] [15] [16] [17] [18] [19] and so on. An inevitable limit of the cooling mechanical oscillator to quantum ground-state is thermal noise of the mechanical motion. Thus, a variety of ways in theory or experiment to overcome this problem have been proposed, such as cooling with dissipative coupling [20] [21] [22] [23] [24] [25] quadratic coupling 26 , single-phonon strong coupling 27 , hybrid systems 28, 29 laser pulse modulations [30] [31] [32] [33] [34] and dissipation modulations 35 . Physically, the best way to achieve cooling a mechanical oscillator to quantum ground-state is that both the position and the momentum of the mechanical oscillator quickly tend to 1/2 36 . This means that the effective damping rate of mechanical oscillator should increase significantly 37 , which can be achieved by enhancing the cooling anti-Stokes process and suppressing the heating Stokes' . At the same time, the oscillation frequency of the mechanical motion should be larger than the decay rate of the optical field, so that the sideband condition can be satisfied. Generally speaking, It is difficult to be achieved in most systems except for a few optomechanical systems 38, 39 . In this work, we propose a hybrid optomechanical system, in which the ground-state cooling of the mechanical oscillator is investigated. This system consists of a Fabry-Férot cavity and an atomic ensemble, where each atom in the cavity is treated as a two-level system. In addition, we consider that there exists a higher-order excitation in the two-level atomic ensemble. We derive the expressions of the effective frequency ω eff and the effective damping rate γ eff for the movable mirror, which depend on the averaged atom-field coupling strength and the atomical excitation number. We also discuss in detail the cooling characteristics of the mechanical oscillator by counting the effective phonon number. It is found that the atom-field coupling strength and the excitation number have an important influence on the atomical effective damping rate of the mechanical oscillator. In particular, when the low-excitation condition is slightly broken for the atomic ensemble, a large driving strength and a small atom detuning can contribute to enhance the optomechanical coupling and the ground-state cooling.
The paper is organized as follow: In Sec. II, we introduce the system and the Hamiltonian of the system is given. In Sec. III, the equation of mechanical oscillator is derived. The cooling characteristics of the mechanical oscillator are discussed in detail in Sec. IV and the conclusion is presented in Sec. V.
Model and Theory
We consider a hybrid setup including a typical optomechanical system and an atomic ensemble which consists of lots of atom with two-level energy (see Fig. 1 40, 41 . The quadrupole transition wavelength between the two states and the decay rate of the excited state to the ground state are λ = 791 nm and λ b = 791 kHz, respectively 40 . The intracavity field with frequency ω c is driven by a control field with frequency ω f and amplitude ε c . For simplification, we assume that the intracavity photon leakage occurs significantly through the fixed wall and the decay rate of the cavity is k. It is noted that in a realistic optical cavity, the decay of the cavity photon can be occurred not only through the fixed but also the movable mirror [42] [43] [44] . Further, the movable mirror is regarded as a quantum-mechanical harmonic oscillator with resonance frequency ω m , effective mass m and damping rate γ m . Consequently, The total Hamiltonian of the system can be written as 28, 45, 46 . 47 , and L is the length of the cavity. The first term in the second line gives the interaction between the atomic ensemble and the cavity mode, where g represents the averaged atom-field coupling strength 28, 48 . The last term in the total Hamiltonian describes the interaction between the cavity field and the coupling field with the
, and P is the laser power.
Most of the previous works focus on the low-excitation limit, i.e., . In the present system, we assume that the atomic low-excitation condition is broken so that the higher-order excitation of the atoms is included 50, 51 i.e., † † ( )
in the interaction picture with respect to H a a B B ( ) f 0 ω = + † † , the Hamiltonian of the total system becomes: Figure 1 . Schematic of the setup studied in the paper. An atomic ensemble are placed in a typical optomechanical cavity with a movable mirror. The cavity mode is driven by a strong input coupling laser field through the left cavity mirror. where G g N = is the collective coupling strength between the atomic ensemble and the cavity field. 
Dynamical Properties of System
Here we mainly consider the cooling characteristics of the mechanical oscillator. In order to analyze the system in detail, we add Brownian noise and photon losses in the cavity to the present system. Based on the Hamiltonian in Eq. (2), we can obtained the following Heisenberg-Langevin equation 42 :
where a in and B in are the input vacuum noise operators with the mean value. They satisfy the correlation functions
. t ( ) ξ is the Brownian stochastic force with zero mean value, and its correlation function is described by
where k B is the Boltzmann constant and T is the temperature of the reservoir related to the movable mirror. Based on the Eqs (3-6), we can obtain the steady-state expectation of physical quantities of the system by letting all time derivatives be equal to 0. In the case of the steady-state, values of physical quantities can be calculated as , m and n are the real and imaginary part of the steady-state value for the atomic ensemble. As we know, each operator can be written as a linear sum of the steady-state mean value and a small fluctuation,
Inserting the linearized form of the operator O into Eqs (3) (4) (5) (6) , the dynamical equations of the quantum fluctuations in the system can be written as
In the process of derivation of Eqs (11) (12) (13) (14) , we have assumed that there are a large number of the photon in the cavity, i.e., | |  a 1 s , so that all the higher terms (δoδo) in Eqs (3-6) are neglected. Furthermore, we define new quadrature fluctuation operators for the nonlinear optomechanical system δ δ δ
and the corresponding Hermitian input noise operators
. Then, the linearized quantum Langevin equations for the fluctuation operators can be expressed as a more compact form,
is the column vector of fluctuation operator and
is the corresponding column vector of noise. J is the drift matrix, which is given by where
For the stability of the system, it demands that all the eigenvalues of the drift matrix J have negative real parts. For the hybrid optomechanical system, its stability conditions can be obtained by applying the Routh-Hurwitz criteria 54 . According to stability conditions, we will discuss the results of numerical analyses of the cooling characteristics of the mechanical oscillator of the hybrid optomechanical system in the next section.
Results and Discussions
In this section, we concentrate on the ground-state cooling of mechanical motion and the influence of the higher-order excited atomic medium on the cooling characteristics. We solve Eqs (11) (12) (13) (14) by performing its Fourier transform to get the quantum fluctuation of the position around the steady state as q F ( ) ( ) ( ) δ ω χ ω ω = , where F(ω) is the Fourier transform of the total force which acts on the the mechanical oscillator and χ(ω) is the effective mechanical coefficient of the mechanical oscillator. In particular, by using the effective resonance frequency ω eff and effective damping rate γ eff of the movable mirror, the effective mechanical coefficient is written as
, where we define In order to count the effective phonon number in the mechanical motion, we need to calculate the position and momentum noise spectrum of the mechanical oscillator. Using Eqs (11) (12) (13) (14) and the spectrum relation δ ω δ ω ω δ ω ω
q 27, 55 we can get the position noise spectrum S q (ω) of the mechanical motion as follows:
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Using the position and momentum noise spectrum of the mechanical oscillator S q (ω) and S p (ω), the effective phonon number about quantum harmonic oscillator can be defined as 
, respectively 37 . In the following, we will apply the graph to describe the characteristics of ground-state cooling of the quantum harmonic oscillator in this system. We choose some accessible parameters in our optomechanical system, i.e, the high-excitation limit for the atoms is considered with Fig. 2(a) , it is shown that the frequency of the movable mirror is not changed significantly with a small atom-field coupling strength, i.e., π = × g Hz 2 500 . The change of the effective frequency becomes large with increasing the coupling strength g, which means the optical spring effect of the system is significant. The normalized γ eff/ γ m as a function of the normalized frequency ω/ω m for the different coupling strength g is shown in Fig. 2(b) . From Fig. 2(b) , it is seen that the effective damping rate increases significantly with increasing the coupling strength, that is, the effective damping rate can be improved by adding the coupling strength between atom and cavity. It is known to all that the effective damping rate is a basic criterion to determine whether the cooling of a mechanical resonator is close to the quantum ground state. Thus a large coupling strength is favorable to enhancing the effective damping rate. In addition, the cooling of the ground state of a mechanical oscillator requires the effective phonon number N 1 f < , which means the initial mean-thermal excitation number
is not an excessive quantity, which is possibly realized when ω m is sufficiently large and the temperature is low enough.
We now discuss the effect of the excitation number of the atomic ensemble on ω eff and γ eff . In Fig. 3 and 0.36 k, respectively. From Fig. 3(a,c) and Fig. 3(b,d) , it is seen that the excitation number of the atoms influences strongly the optical spring effect and the effective damping rate. For example, the γ eff increases with increasing excitation number. Further, when the excitation number is large, i.e., = − . + . b i 0 2 0 40 s , the effective damping rate is positive. However, when b i 0 02 0 04 s = − . − . , the effective damping rate becomes negative, which means that the heating process appears. [ Fig. 3(f) ]. In order to achieve the ground-state cooling of the mechanical oscillator, we should select properly the steady-state of the atomic ensemble. From Figs 2 and 3 , we find that the excitation number and the atom-field coupling strength play a similar role for enhancing the effective damping rate in this system.
In Fig. 4 , we show the effective phonon number N f as a function of the dimensionless effective cavity detuning ω Δ/ m with different g. It is clear that the effective phonon number is always larger than 1 with a small coupling strength, i.e., g Hz 2 500 π = × . Thus, the ground state of the mechanical resonator can not be achieved. Obviously, the minimum of the effective phonon number decreases with increasing g. For example, when , the minimum effective phonon number is smaller than 1. Therefore, the ground-state cooling of the mechanical oscillator can be obtained with a large coupling strength g, which results from a large optomechanical coupling between the cavity field and the mechanical oscillator.
We can study the effect of the excitation number and the driven strength E / m 0 ω on the N f . In Fig. 5 , we show the effective phonon number N f as a function of the imaginary part n with = − m n and = − . m 0 02. It is seen from Fig. 5(a) that the effective phonon number N f can be small than 1 and decreases with increasing n as = − m n. In contrast, in the case of fixed value, i.e., m 0 02 = − . , the effective phonon number N f can not be smaller than 1 with different imaginary part n. Therefore, the identical real and imaginary parts for the steady-state values of the atomic ensemble can be applied to help achieve ground-state cooling of the mechanical oscillator. It is clear from , the effective phonon number N f is always larger than 1 regardless of the driving strength E 0 . In particular, we can not achieve the ground-state of the mechanical resonator by increasing the driving strength E 0 when the atomic ensemble satisfies the low-excitation condition.
In Fig. 6(a) , a large driving of the cavity but a relatively small atom-field detuning can be used for achieving the ground-state cooling of the mechanical oscillator. The present model has a potential application for studying the influence of the atom medium on the dynamics of a typical optomechanical system and probing the ground-state cooling of a mechanical motion.
Conclusion
In summary, we have investigated the ground-state cooling of a quantum harmonic oscillator in a hybrid optomechanical system. In our physical model, we consider three kinds of couplings: the coupling between the cavity field and the mechanical oscillator, the coupling of the cavity field with the driving laser field, and the coupling of the cavity interacting with the atomic ensembles. In addition, the atomic ensemble consisting of many two-level atoms is in the case of higher-order excitation. For the high quality cavity, strong coupling between atoms and cavity field can be achieved experimentally. Furthermore, we use the coupling laser to drive the cavity field, and the coupling between cavity and laser field can increase the number of photon in the cavity, which can enhance the interaction between atomic ensemble and cavity field. So in this paper, we consider the case in which the atomic ensemble is in higher excitation, that is, the excitation probability of a single atom is very large. In the case of multi-coupling mechanism, we build the quantum Langevin equation of the system and obtain its dynamical properties under the condition of steady state. By performing the Fourier transform on quantum fluctuation of mechanical quantities, we derive the effective damping rate and the effective frequency of the mechanical oscillator. We numerically analyze the influence the of coupling strength g and the excitation number b s on the effective damping and effective frequency of the mechanical oscillator. Furthermore, we also discuss in detail the cooling characteristics of the quantum harmonic oscillator by calculating the effective phonon number with different coupling strength g and the atomic excitation number b s . Our numerical results show that if the coupling strength g and the atomic excitation number b s are selected properly, the ground-state cooling of the mechanical oscillator can be achieved. In this hybrid optomechanical system, our studied about the influence of the atomic ensemble with higher-order excitation on the ground-state cooling of a mechanical oscillator have potential application in some fields, such as precision measurement, quantum squeezing and high precision spectrum, and son on. 
